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A lagrangian for the k− essence field is constructed for a constant scalar potential and its form
determined when the scale factor was very small compared to the present epoch but very large
compared to the inflationary epoch. This means that one is already in an expanding and flat
universe. The form is similar to that of an oscillator with time-dependent frequency. Expansion is
naturally built into the theory with the existence of growing classical solutions of the scale factor.
The formalism allows one to estimate fluctuations of the temperature of the background radiation
in these early stages (compared to the present epoch) of the universe. If the temperature at time
ta is Ta and at time tb the temperature is Tb (tb > ta), then for small times , the probability for the
logarithm of inverse temperature evolution can be estimated to be given by
P (b, a) = |〈ln (
1
Tb
), tb|ln (
1
Ta
), ta〉|
2
≈
(
3m2Pl
pi2(tb − ta)3
)
(ln Ta)
2(ln Tb)
2
(
1− 3γ(ta + tb)
)
where 0 < γ < 1, mPl is the Planck mass and Planck’s constant and the speed of light has been put
equal to unity. There is the further possibility that a single scalar field may suffice for an inflationary
scenario as well as the dark matter and dark energy realms.
Keywords: physics of the early universe,inflation, dark matter theory, dark energy theory.
PACS numbers: 95.35.+d ; 95.36.+x ; 98.80.Cq ; 98.80.-k
1.Introduction
An approach to understand the origins of dark mat-
ter and dark energy involve setting up lagrangians for
what are known as k−essence fields. Usually one takes
the Friedman-Robertson-Walker metric with zero curva-
ture constant so that the universe is flat. Recently a la-
grangian for the k− essence field has been set up [1] where
there are two generalised coordinates q(t) = ln a(t) (a(t)
is the scale factor) and a scalar field φ(t) with a com-
plicated polynomial interaction between them. In the
lagrangian, q has a standard kinetic term while φ does
not have a kinetic part and occurs purely through the
interaction term. Classical solutions of this lagrangian
give very good results for the cosmological parameters
[1]. It had been shown previously [2] that it is possible
to unify the dark matter and dark energy components
into a single scalar field model with the scalar field φ
having a non-canonical kinetic term. These scalar fields
are the k−essence fields which first appeared in models
of inflation [3] and subsequently led to models of dark
energy also [4]. The general form of the lagrangian for
these k−essence models is assumed to be a function F (X)
with X = ∇µφ∇µφ, and do not depend explicitly on φ to
start with. In [2], X was shown to satisfy a general scal-
ing relation,viz. X( dFdX )
2 = Ca(t)−6 with C a constant
(similar expression was also derived in [5]). Using this, in
[2] specific forms (motivated from string theory [6], [3],
[12]) were assumed for the lagrangian and F (X) to show
that self-consistent models can be built which account
for both the dark matter and dark energy components.
[1] incorporates the scaling relation of [2]. Literature on
dark matter, dark energy and k− essence can be found
in [7],[8],[9], [10],[11].
The motivation for this work comes from the fact that
as classical solutions of the lagrangian in [1] give realis-
tic results , addressing questions relating to (quantum)
fluctuations becomes meaningful. In fact, questions re-
garding the amplitude of a scale factor at some epoch
evolving to a different value at a later epoch can surely be
addressed for a lagrangian with canonical kinetic terms.
These effects are relevant at times close to the big bang
(very small scale factor). However, then the curvature
constant is not zero. To get past this difficulty, in this
work, an epoch is chosen when the scale factor was small
compared to the present epoch but very large compared
to the big bang and inflationary epoch. This means that
one is already in an expanding and flat universe– how-
ever,the influence of inflation is still around.
In this work, the scalar potential V (φ) = V is a (posi-
tive) constant and all the time variables t ≡ t/t0, where t0
is the present epoch and we are interested only in t < 1
scenarios. Also a(t1) < a(t2) for t1 < t2 etc. So one
has to find how the lagrangian looks at smaller values of
the scale factor,find possible classical solutions and then
find relevant fluctuations. As the scale factor is inversely
proportional to the temperature at a particular epoch,
these amplitudes also provide an estimate of tempera-
ture fluctuations. In this work , I discuss a plausible
2formalism for this and show that the classical solutions
in this domain are fully consistent with the inflationary
scenario and a radiation dominated universe.Moreover, a
single scalar field may suffice for an inflationary scenario
as well as the dark matter and dark energy realms and
a measure of temperature fluctuations may be estimated
using standard prescriptions.
2. Lagrangian in the early universe
The lagrangian L (or the pressure p) is taken as
L = −V (φ)F (X) (1)
The energy density is
ρ = V (φ)[F (X)− 2XFX ] (2)
with FX ≡ dFdX and in the present work V (φ) = V is a
constant (> 0). Before proceeding further, a digression
on the origin of the equation (1) is in order. The present
view is that dark energy can account for the observed
acceleration of the galaxies. One can show that dark en-
ergy with sufficiently negative pressure will accelerate the
expansion of the universe once it starts dominating over
matter. A simple fluid model with negative presure is the
cosmological constant with equation of state parameter
w = −1, and energy density ρ = −p ,the pressure. If
one identifies the dark energy with a cosmological con-
stant then a fundamental length is introduced into the
theory [7] LΛ ≡ H−1Λ related to the dark energy den-
sity ρDE by H
2
Λ ≡ 8piGρDE3 . Observations then require
that (L2Pl/L
2
Λ) ≤ 10−123, where LPl is the Planck length.
So there is an enormous fine tuning problem. There are
also other problems. Alternative possibilities entail use
of scalar fields φ with suitably chosen potential V (φ)
so as to have variable (with time) vacuum energy. The
hope is then that fine tunings can be avoided with suit-
ably chosen potentials. Two such models with variable
w are Lquintessence =
1
2∂µφ∂
µφ − V (φ) and Ltachyon =
−V (φ)[1 − ∂µφ∂µφ] 12 . The quintessence model can be
shown to be a natural generalisation of the lagrangian
for a non-relativistic particle [7]. In a cosmological con-
text , the quintessence (scalar field) models leads to po-
tential energy driven acceleration (V (φ) > ∂µφ∂µφ). The
tachyon lagrangian originated from string theory [12] and
can be shown to be a field theoretic analogue of the la-
grangian of a relativistic particle [7]. The model allows
solutions where V → 0, ∂iφ∂iφ→ 1 simultaneously, keep-
ing the energy density finite. So here the kinetic energy
dominates and in the cosmological context can give rise
to acceleration. These are the k-essence models for dark
energy. In the cosmological scenario, the [1 − ∂µφ∂µφ] 12
factor is replaced by a more general function F (X) with
X = ∂µφ∂µφ. This is the genesis of equation (1).
For a flat Robertson Walker metric the equation for
the k−essence field is
(FX +2XFXX)φ¨+3HFX φ˙+(2XFX −F )Vφ
V
= 0 (3a)
H = a˙(t)a(t) is the Hubble parameter. For a homogeneous
and isotropic universe φ(x, t) ≡ φ(t), and so X = 12 φ˙2.
In [2], V (φ) = const. so Vφ ≡ dVdφ = 0 and (3a) becomes
(FX + 2XFXX)X˙ + 6HFXX = 0 (3b)
Changing the independent variable from the time t to the
scale factor a i.e. dXdt = aH
dX
da leads to [2]
(FX + 2XFXX)a
dX
da
+ 6FXX = 0 (3c)
whose solution is the scaling law [2] :
XF 2X = Ca
−6 (4)
In this work also we take V (φ) = V = constant so that
the above scaling law holds.
Using (4) and the zero-zero component of Einstein’s
field equations an expression for the lagrangian is ob-
tained as follows.Take the Robertson-Walker metric :
ds2 = c2dt2− a2(t)[ dr
2
(1 − kr2) + r
2(dθ2+ sin2θdφ2)] (5)
where k = 0, 1 or − 1 is the curvature constant. The
zero-zero component of Einstein’s equation reads:
R00 − 1
2
g00R = −κT00 (6)
This gives with the metric (5)
k
a2
+H2 =
8πG
3
ρ (7)
Using (1), (3), (6) and (7),and taking k = 0, we arrive at
XFX =
1
2X
[F − ( 3
8πGV )
)H2] (8)
Using (4) to eliminate FX gives
F (X) = 2
√
C
√
Xa−3 + 3
H2
8πGV
(9)
So the expression for the lagrangian is obtained as
L = −2
√
C
√
Xa−3V − ( 3
8πG
)H2
= −2
√
C
√
φ˙2 − (∇φ)2a−3V − 3 H
2
8πG
(10)
Homogeneity and isotropy of spacetime imply φ(t,x) =
φ(t). Then (10) becomes
L = −c1q˙2 − c2V φ˙e−3q (11)
where a(t) = eq(t), c1 = 3(8πG)
−1, c2 = 2
√
C, (we shall
always take the positive square root ofC) and the scalar
potential V is a constant.
3The lagrangian (11) has a kinetic term for q. The
other term is an interaction term and there is no kinetic
term for φ. Note that a = eq. It is readily seen from
the graph of the exponential function (in figure 1 x ≡ q)
that in the region −1 < q < 0 one has , a = eq < 1 .
Hence in this region q small (i.e. |q| < 1) means a is also
small (i.e a < 1). Moreover, in this region a grows from
e−1 = 0.367879 to e0 = 1. So within this region a grows
as q grows. So smaller values of q mean that we are going
back to smaller values of a i.e. to earlier epochs. In this
work we will restrict ourselves to this domain. In this
domain expand the exponential in (11) :
L = −c1q˙2 − [2
√
CV φ˙][1− 3q + 9
2
q2 + ...] (12)
Keeping terms upto O(q2) and replacing q by q + 13 one
has
L = −M
2
[q˙2 + 12πGg(t)q2]− (1
2
)g(t) (13)
where M = 34piG =
3m2
Pl
4pi , g(t) = 2
√
CV φ˙, mPl is the
Planck energy and we use ~ = c = 1 (c is speed of light,~
is Planck’s constant).
Here two clarifications must be made. Firstly, q = lna
means q˙ = a˙a = H(t). In the present work the Hubble
parameter H(t) is not a constant but a function of time
as it usually is.
Secondly,although in (12) the lagrangian is an explicit
function of a, a˙ , it would be incorrect to assume that one
should have this imposed right from equation (1) itself.
This is because the dependence on a, a˙ follows only after
the following operations have been carried out , viz.,
(a) the Robertson-Walker metric is chosen and the
equation for the k− essence field is set up for a constant
V (φ) ;
(b)a change of the independent variable is made from
the time t to the scale factor a;
(c) the scaling law (4) obtained;
(d) the zero-zero component of Einstein’s equation in-
corporated to relate the energy density to the curvature
constant k (subsequently we take k = 0) and the Hubble
parameter; and
(e) the scaling law (4) used to eliminate the derivative
FX .
Therefore, one must start with an independent po-
tential in the lagrangian and let the relevant equations
dictate (a posteriori) the final form for the lagrangian.
In this method there is no possibility of non-Einsteinian
gravity equations emerging. It is shown below (equa-
tions (21), (22)) that the the classical solution for the
scalar field is linear in the time t so that in Lcl the term
proportional to φ˙cl is effectively a constant without any
dynamical consequences. In fact, all total derivatives will
be ignored (see below).
3.Chaotic Inflation
First consider a possible classical solution in this
model. Put 12πGg(t) = −Ω2(t). This means
φ(t) = − 1
24πG
√
CV
∫
dtΩ2(t) (14)
(13) now becomes
L = −M
2
[q˙2 − Ω2(t)q2]− (1
2
)g(t) (15)
Now, the term 12g(t) =
√
CV dφdt is a total time derivative
and thus has no contribution to the equations of motion
and hence ignorable. Then(15) becomes
L = −M
2
[q˙2 − Ω2(t)q2] (16a)
So the problem of evolution of the scale factor in a ho-
mogeneous universe at early times (i.e. early compared
to our present epoch but late compared to the big bang)
may be studied by considering an oscillator with time-
dependent frequency.
Let us recollect what we have done. We started with
a lagrangian where there was a dynamical degree of free-
dom q and a scalar field without a kinetic term. We
then examine the lagrangian in a region where q is small
so that terms upto O(q2) are only kept and we have an
oscillator.Interestingly, the role of the scalar field is tran-
scribed into a time dependent frequency for our oscillator!
Thus, occurrence of parametric resonance becomes a
distinct possibility.Parametric resonance in the early uni-
verse has been reported before in a different context. A
theory of preheating and reheating after inflation was de-
veloped based on parametric resonance in the context of
a scalar field χ coupled to an inflaton field [13].
It should be noted that the effect of the scalar field φ
has been re-written as a time dependent frequency Ω(t),
(Ω2(t) = −24πG√CV dφdt ). With this the lagrangian now
looks like that of a time dependent oscillator and one
of the solutions to this system is that of the parametric
oscillator. First let us assume that the time dependent
frequency is obtained as a relatively small sinusoidal per-
turbation from that of the ideal oscillator i.e.
Ω2(t) = −24πG
√
CV
dφ
dt
≡ ω20[1 + f(t)]
where f(t) = h cosγt , with the constant h << 1 and
positive and ω20 > 0 ,i.e. ω0 real. Note that we will
always be in the realm of small postive t (t < 1) and
therefore
Ω2(t) = −24πG
√
CV
dφ
dt
= ω20 + ω
2
0h cosγt (16b)
and Ω2(t) will always be positive. (This means that for
consistency φ˙ has to be negative and this consistency is
present in equation (17) below.)
4The physical motivation for taking f(t) to be sinusoidal
is as follows. A sinusoidal f(t) can give growing solutions
for q and since a = eq we also get growing solutions for
the scale factor which we know holds for an expanding
universe. So the scalar field also helps in an inflation-like
scenario. Note that the same scalar field can account for
(a)growing solutions for a (shown below , equation (20))
(b)dark matter and dark energy as shown in [1] and (c)a
simple scheme for estimating temperature fluctuations
in certain epochs (Section 4). So the goal of building
realistic models with a minimum number of scalar fields
is also possible with this choice for f(t).
Putting this f(t) in equation (14) gives for small values
of time t
φ(t) ≈ φini − ω
2
0(1 + h)
24πG
√
CV
t (17)
where φini is a constant of integration and may be iden-
tified with the initial value of φ.
The excitation (forcing) term has amplitude h and pe-
riod Texc =
2pi
2ω =
pi
ω . The unexcited (natural)period is
Tnat =
2pi
ω0
. Now solutions of linear ordinary differential
equations with periodic coefficients [14] have following
properties: (a) if the coefficients are periodic with period
T , then if q(t) is a solution,so is q(t+ T )
(b) Any solution q(t) = Aq1(t)+Bq2(t) where q1(t), q2(t)
are two linearly independent solutions.A,B come from
initial conditions. Periodicity means that q1(t+T ), q2(t+
T ) are also solutions and it follows that q(t+T ) = λq(t).
So q(t) is periodic within a scaling parameter λ. Con-
sider only growing or decaying solutions ,not oscillations.
Then q(t+ T ) = eµT q(t) where µ = ln|λ|T . Finally, define
P (t) to be periodic such that P (t+ T ) = P (t). Then
q(t) = eµtP (t) (18)
is the general form of the solution with the stability of the
solution depending on the sign of µ. Seek a solution of the
general form q(t) = A(t)cos(ω0+
1
2ǫ)t+B(t)sin(ω0+
1
2ǫ)t.
For f(t) as given above and γ = 2ω0 + ǫ, ǫ << ω0, a
solution of the general form [14] is
q(t) ≡ eµtP (t) = A0eµtcos(ω0 + 1
2
ǫ)t
+B0e
µtsin(ω0 +
1
2
ǫ)t (19)
where µ2 = 14 [(
1
2hω0)
2 − ǫ2] and A0, B0 have to be de-
termined from initial conditions. Here we have retained
terms that are linear in ǫ and first order in h. Paramet-
ric resonance occurs in the range − 12hω0 < ǫ < 12hω0
on either side of 2ω0. The region of instability as well
as the amplification coefficient µ are of the order of h.
Parametric resonance also occurs when the frequency γ
is close to any value 2ω0n with n integral. The region of
instability and the amplification decreases rapidly with
n.
For very small time scales the classical solutions for the
scale factor of (16) can be written as (upto O(t2) terms):
ac(t) = e
qc(t) ≈ aieAt−Bt
2
(20)
where ai = e
A0 is the initial value for t = ti ∼ 0,
A = µA0 + ωB0 , B =
1
2A0(ω
2 − µ2) − B0µω and
ω ≡ ω0+ 12ǫ. So we have growing solutions for a and not
oscillating solutions. So there is no question of expanding
and contracting scale factors. This solution is consistent
with inflation. Taking the initial time as ti << 1 and any
observable epoch t0 ∼ 1, the condition for an inflation
like scenario, viz., a˙ia˙0 < 1 is readily seen to be satisfied.
The expansion here is similar to ”chaotic inflation” [15]
where the initial conditions of inflaton are distributed
chaotically. For an inflaton potential V (φ) = 12m
2φ2,
the inflaton field φ and the scale factor are given by [16]
φ ≈ φi − mmPl
2
√
3π
t
a ≈ aiexp
[
2
√
π
3
m
mPl
(
φit− mmPl
4
√
3π
t2
)]
(21)
Comparing with (21) , equations (17) and (20) will mimic
the scenario of ”chaotic inflation” with the following iden-
tifications:
φi = φini ;
ω20(1 + h)√
CV
= 2
√
3π(
m
mPl
)
A = µA0 + (ω0 +
1
2
ǫ)B0 = 2
√
π
3
(
m
mPl
)φi
B =
A0[(ω0 +
1
2ǫ)
2 − µ2]
2
−B0µ(ω0 + 1
2
ǫ) =
1
6
m2 (22)
The solution can also be made consistent with a radiation
dominated era as follows. Using (20),the Hubble param-
eter is H = a˙cac = A − 2Bt, so that the energy density
is
ρ =
3H2
8πG
≈ (3m
1
2
Pl
8π
)(A2 − 4ABt+ 4B2t2) (23)
For a radiation dominated era ρ ∼ a−4c with
a−4c ≈ a−4i − 4a−4i At+ a−4i (8A2 + 4B)t2 (24)
Equating the coefficients of the O(t) terms in (23) and
(24) gives A2 = B and this combined with the second
and third equations of (22) imply the following for a ra-
diation dominated era viz. φi ∼ mPl8pi . This is consistent
with ”chaotic inflation” [16] where from considerations of
the number of e-foldings required the bound on the initial
5value of the inflaton is obtained as φini ≥ 3mPl. Equat-
ing the coefficients of O(t2) terms in (23) and (24) and
using A2 = B gives B = 8pi
m2
Pl
e−4A0 . This combined with
the last equation of (22) gives A0. B0 is then obtained
from the second equation of (22) and A =
√
B = m√
6
. (A
consistency condition between µ and the last equation
of (22) also exists as µ2 = (1/4)[(1/2)(hω20 − ǫ2]). Thus
assuming that ti << 1 ∼ 0, one has
A0 = q(t = ti) = ln (
2(3π)
1
4
(mmPl)
1
2
= ln a(ti)
B0 =
q(t = pi2ω )
eµpi/2ω
=
ln a( pi2ω )
eµpi/2ω
=
m√
6ω
− µln a(ti)
ω
(25)
Now a(t = ti) 6= 0 so that qi = ln ai is still well defined.
At some later time t = ta , let q = qa. Then the inte-
gration constants A0, B0 can be determined in terms of
qi and qa. Here qi ∼ q(ti) and qa ∼ q( pi2ω ). The inflaton
mass must be m ≈ 10−6mPl so as to fit the observed am-
plitudes of density perturbations by COBE satellite [17].
Therefore, the domain we are considering has the initial
value of the scale factor as a(ti) ∼ 2×10
3(3pi)
1
4
mPl
.
4.Fluctuations
Let us now discuss how to estimate (quantum) fluctua-
tions in this model. Given the structure of the lagrangian
with canonical kinetic terms , this can always be done in
principle. Write q(t) = qcl(t)+x(t) where x(t) is the fluc-
tuation from the classical value qcl and 0 ≤ x(t) ≤ ∞.
So this corresponds to a time dependent oscillator on the
half-plane [18], [19],[20],[21]. Then the quantum mechan-
ical amplitude for the (log of) scale factor to evolve from
the value qa at time ta to qb at time tb is given by [22]
〈qb, tb|qa, ta〉 = 〈lna(tb), tb|lna(ta), ta〉 = F (tb, ta)e i~Scl
(26)
Scl =
∫ tb
ta
Lcldt =
∫ tb
ta
dt[M2 q˙
2
cl − 12Ω2(t)q2cl]. Here Ω(t)
has been re-labelled as Ω(t) → √MΩ(t). (Factors of ~
and c will be put equal to unity at the end). F (tb, ta) is
calculated as follows [18]. The fluctuations x(t) satisfy
x¨+Ω2(t)x = 0 (27)
As Ω is real, we will have quasi-periodic solutions.
Here it may be mentioned that if one takes (say) the
negative square root of C, (or equivalently ω20 < 0) then
Ω2 < 0 and we will have quasi-exponential solutions for
x i.e. x ≈ Aexp[− ∫ |Ω(t)|dt]+Bexp[+ ∫ |Ω(t)|dt]. These
solutions can be expected in the inflationary stage at
which all second-order equations become elliptic. But
in the present work all frquencies are real and we have
only quasi-periodic solutions.
Consider two independent quasi-periodic solutions of
(27):
x1(t) = ψ(t)sinζ(t, ta) ; x2(t) = ψ(t)sinζ(tb, t) (28)
satisfying the boundary conditions
x1(ta) ≡ x1a = 0 ; x2(tb) ≡ x2b = 0 (29)
where ψ(t) satisfies the Ermakov-Pinney equation [23]
ψ¨ +Ω2(t)ψ − ψ−3 = 0 (30)
with ζ(t, s) defined as
ζ(t, s) = ν(t) − ν(s) =
∫ t
s
dtψ−2(t) (31)
ψ(t) and ν(t) can be interpreted as the amplitude and
phase of the time dependent oscillator. Then the flucta-
tion factor is given by
F (tb, ta) =
(
M
√
(ν˙bν˙a)
2πi~sinζ(tb, ta)
) 1
2
(32)
Classical solutions satisfying relevant boundary condi-
tions are found , i.e. q(t = ta) = qa, q(t = tb) = qb
and the amplitude is
〈qb, tb|qa, ta〉 = 〈ln a(tb) , tb|ln a(ta) , ta〉
=
(
M
√
(ν˙bν˙a)
2πi~sinζ(tb, ta)
) 1
2
(
exp(
iS+cl
~
)− exp( iS
−
cl
~
)
)
(33)
where
S±cl =
(
ψ˙bq
2
b
ψb
− ψ˙aq
2
a
ψa
)
+
1
sinζ(tb, ta)
(
(ν˙bq
2
b + ν˙aq
2
a)cosζ(tb, ta)∓ 2
√
(ν˙bν˙a)qbqa
)
(34)
Now assume ν˙ << 1 i.e. the time rate of change of phase
is small. Also note that the temperature of the back-
ground radiation in a homogeneous universe is inversely
proportional to the scale factor i.e. T (ta) ≡ Ta = 1a(ta)
(in appropriate dimensionless units). Then to lowest or-
ders of ν˙, one has the probability for the logarithm of
scale factor ,or equivalently, logarithm of inverse temper-
ature evolution as
P (b, a) = |〈qb, tb|qa, ta〉|2 =
(
3m2Pl
π2~4c
)(
q2aq
2
b (ν˙bν˙a)
3
2
sinζ3(tb, ta)
)
≡ |〈ln ( 1
Tb
), tb|ln ( 1
Ta
), ta〉|2
=
(
3m2Pl
π2
)
(ln Ta)
2(ln Tb)
2 (ν˙bν˙a)
3
2
sinζ3(tb, ta)
(35)
where ~4c has been put equal to unity.
6Let us choose ψ(t) = eγt where 0 < γ < 1. Putting
this in equation (30), using Ω2(t) = −24πG
√
CV dφdt and
solving for φ gives
φ(t) =
1
24πG
√
CV
[C0 + γ
2t+
1
4γ
e−4γt]
≈ (C0 + 1
96γπG
√
CV
)− (1− γ
2)
24πG
√
CV
t (36)
C0 is a constant of integration. Therefore the choice of
ψ(t) = eγt is consistent with what has been discussed
before (viz. equations (17), (22)) with the following iden-
tifications:
φini ≡ C0 + 1
96γπG
√
CV
; ω20(1 + h) = 1− γ2 (37)
Note that bounds on
√
CV can be obtained in terms of
C0, G, γ and φini ≥ 3mPl [16] (discussion after equation
(24)). Further, with this choice for ψ(t) , one has the
following relations:
ν(t) = − 1
2γ
e−2γt ; sinζ(t, s) = sin(ν(t)− ν(s)) ≈ t− s
(38)
For small times , then the probability for the logarithm
of inverse temperature evolution, (35) becomes
P (b, a) = |〈ln ( 1
Tb
), tb|ln ( 1
Ta
), ta〉|2
≈
(
3m2Pl
π2
) (ln Ta)2(ln Tb)2
(
1− 3γ(ta + tb)
)
(tb − ta)3 (39)
Let us estimate the physical domain of validity of this
expression. By physical domain I mean the times ta, tb
and the temperatures Ta, Tb. As already stated in the
introduction (section 1), all our times have to be under-
stood as t ≡ tt0 . The requirement that the P (b, a) ≥ 0
and 0 < γ < 1 means
ta + tb ≥ 1
3
(40)
Again the requirement P (b, a) ≤ 1 implies
tb − ta ≤
(
3mPl
π
[lnTa][lnTb]
) 2
3
(41)
Combining (40) and (41) gives
ta ≥ 1
6
− 1
2
(
3mPl
π
[lnTa][lnTb]
) 2
3
;
tb ≥ 1
6
+
1
2
(
3mPl
π
[lnTa][lnTb]
) 2
3
(42)
Now combining (42) with the requirement that all es-
timates are valid only for ta > 0 means that numeri-
cally the following must hold (in appropriate dimension-
less units) i.e.
[lnTa][lnTb] ≤ π
9
√
3mPl
(43)
Therefore, the formalism described here has given a new
way of describing fluctuations of the background tem-
perature. This estimate can be made as long as one is
in the temporal region where the lagrangian (16) is valid
and the conditions embodied in equations (40) − (43)
hold true. Note that there exist functional time de-
pendent parameters in the quantum amplitude, viz.,
ν˙(ta), ν˙(tb), ζ(tb, ta) which are related to solutions of the
Ermakov-Pinney equation. Now, the bounds on these
functions may be estimated from phenomenological ob-
servations of satellite data if the fluctuations of the back-
ground temperature can ever be accurately determined.
5.Conclusion
A unified formalism has been set up with a k−essence
lagrangian containing canonical kinetic terms which pro-
vides a framework for estimating quantum fluctuations
of the temperature in certain epochs. In an earlier epoch
in the universe defined by the scale factor being very
small compared to the present epoch but very large com-
pared to the big bang and inflationary epoch (so that
one is already in an expanding and flat universe), this
lagrangian is similar to an oscillator with time depen-
dent frequency. A sinusoidal perturbation from an ideal
oscillator frequency leads to growing classical solutions
for the scale factor and can be made consistent with the
scenario of chaotic inflation as well as with a radiation
dominated universe at a certain epoch by suitable choice
of parameters. As the time dependent frequency is ba-
sically related to a scalar field, it can also be taken to
be similar to the ”inflaton”.Although (as stated in the
beginning) we are strictly away from the inflationary sce-
nario, we would like to have the scalar field to be as far
as possible similar to that needed for inflation. This does
away with the need for multiple scalar fields to account
for specific features of evolution of the universe. What
has been shown here is that if the ”inflaton” is given an
opportunity to influence the evolution for longer times,
it can also help in contributing to the dark matter and
dark energy scenario.
Quantum fluctuations of the log of inverse tempera-
ture can be estimated in principle for a certain physical
domain characterised by the epochs and the respective
temperatures satisfying certain bounds. In this region
the expressions for the quantum fluctuations are valid.
At much later times, dark matter and dark energy can be
be accounted for as shown in [1].Establishing a formalism
for quantum fluctuations of the (inverse) temperature has
been possible in this model owing to the presence of stan-
dard (canonical) kinetic terms in the lagrangian so that
7the usual prescriptions are applicable without ambiguity.
This is the first model of this type.
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